ABSTRACT Given A-spline curves and A-patch surfaces that are implicitly de ned on triangles and tetrahedra, we determine their NURBS representations. We provide a trimmed NURBS form for A-spline curves and a parametric tensor-product NURBS form for Apatch surfaces. We concentrate on cubic A-patches, providing a C 1 -continuous surface that interpolates a given triangulation together with surface normals at the vertices. In many cases we can generate cubic trimming curves that are rationally parametrizable on the triangular faces of the tetrahedra for the remaining faces we resort to using quadratic curves, which are always rationally parametrizable, to approximate the cubic trimming curves.
Introduction
Low degree polynomial or algebraic surfaces can often have dual parametric and implicit representations. Each form has its distinct advantages. The parametric polynomial spline in B-spline Basis (B) and Bernstein-B ezier (BB) bases are currently overwhelmingly popular in commercial and industrial CAGD systems. In this paper we s h o w h o w to generate trimmed, parametric B-spline and BB-spline representations for a collection of implicitly de ned algebraic surface patches introduced in Refs. 1{3. Each implicit algebraic surface patch (A-patch) is a smooth, G n (x y) : = F n ( ) = 
where b i 2 IR 3 w i 2 IR, a n d B n i (t) = fn!= i!(n ; i)!]gt i (1 ; t) n;i . Without loss of generality, w e m a y assume that w 0 = 1 (otherwise we could divide through by t and have a parametrization of one lower degree). Next, under the transformation t = t 0 + at 0 1 + at 0 a > ;1 t 0 2 0 1] Therefore, we may assume further that w n = 1 b y setting a = w ;1=n n ; 1, which makes (1 + a) n w n = 1, in the transformation (4) . We consider rst convex C 1 continuous A-splines (see Fig. 1(a) ). An A-spline being C 1 implies that b n00 = b 0n0 = b n;1 01 = b 0 n;1 1 The non-convex case (see Fig. 1(b) ) can be converted to the convex case by rst computing the intersection point p 0 2 , which leads to a linear equation for n = 3, and then computing the tangent o f the curve a t p 0 2 . Note that this tangent d o e s not depend upon the coe cients d e f.
Quadratic A-splines
It is not di cult to see that the parametric form of a C 1 -continuous quadratic A-spline should have the following form (see Fig. 1(d) where w 1 is a parameter to be determined. This is called a (2/2) rational parametrilb zation because the of the numerator and denominator are each of degree 2 in t.
We 
Cubic A-splines
We rst show that an irreducible C 1 -continuous cubic A-spline never has a (2/2) rational parametrization. If we substitute the 's de ned by ( A . 1 ) i n to F 3 ( ) = 0 , with the inverse 
B n ijkl ( 1 2 3 4 ) = n! i!j!k!l! 
3.1. Quadratic A-patches The construction details of quadratic A-patches can be found in Ref. 4 . The derivation of the parametrization of quadratic curves and surfaces is given in Ref. 7 and the BB form is given in Ref. 8 . Details of the parametrization for the trimming curves, which are all quadratic, have been presented in Section 2.1. For brevity w e will not repeat all of these conversion formulas here.
Cubic A-patches
The construction details of cubic A-patches can be found in Refs. 3 and 4. Appendix C summarizes all the required computation formulas for BB-form coefcients of the A-patches for four adjacent face tetrahedra (see Fig. C .1) and six edge tetrahedra (see Fig. C 3.2.1. Rational parametric boundary curves For the face A-patch, we h a ve f o u r w eights free 6 (see Fig. 2 ). These weights will be used to make the three boundary curves rationally parametrizable. Since forcing a C 1 -continuous cubic A-spline to be rationally parametrizable requires the imposition of a single constraint (9) If we are given two rationally parametrized curves on a cubic surface, we can obtain a rational parametrization for the surface in a manner similar to that in Ref. 12. The idea is that a line that passes through two nonsingular real points on a cubic surface must intersect the surface in a third real point. Let the two curves on the surface f(x y z) = 0 b e c 1 (u) = x 1 (u) y 1 (u) z 1 (u)] T and c 2 (u) = x 2 (u) y 2 (u) z 2 (u)] T : Then the cubic parametrization formula for a point p(u v) on the surface is
where
A simpler, lower degree parametrization can be obtained if we k n o w a n d c a n u s e two s k ew lines on the cubic surface rather than cubic curves. This was the approach in Ref. 12 , and results in a 1-to-1 covering of the cubic surface, while using cubic curves as c 1 0021 . These three conditions guarantee that a 1002 , a 0102 , a n d a 0012 are positive, while combined they are equivalent t o a 1101 +a 1011 +a 0111 > ;(a 2001 +a 0102 +a 0021 )=2, which guarantees that a 0003 is positive. Even if these conditions is not satis ed, there may b e v alues of k for which t h e solution for a 0003 as given by (6) is positive. These conditions are more easily satis ed the more negative t h e q u a n tities a 2100 , a 2010 , a 1200 , a 1110 , a 1020 , a 0210 and a 0120 are. 
and (6) (8) so that P 2 and P 3 consist of quadratic and cubic terms in fu v wg, respectively. The region in the uv-plane over which the parametrization takes place can be described by 0 u 1, 0 1 ; u v. Then t satis es t = P 2 P 2 + P 3 and 1 ; t = P 3 P 2 + P 3 :
Now considering (7), each o f 1 , 2 , 3 , and 4 is seen to be a quotient o f c u b i c polynomials in u, v, and w. Writing w = 1 ; u ; v, e a c h o f t h e is seen to be a function of two independent v ariables.
Of particular interest is the situation when k = 0, for in that case the cubic splines which are the intersections of the cubic A-patch with the side faces of the tetrahedron are immediately parametrizable. Eqs. (7) with w = 0 , v = 0, and u = 0 will parametrize the faces where 3 = 0 , 2 = 0 , a n d 1 = 0, respectively. In order for this to work, p 4 ): (10) A su cient condition that the A-patch is single-sheeted in this case is for the denominator in (9) = 0, where a 3000 = a 0300 = a 0030 = 0 . Let (d e f g h i j) = ( 3 a 2100 3a 2010 3a 0210 3a 1200 3a 1020 3a 0120 6a 1110 ): Then each o f fd e f g h ig is determined, but we still have one degree of freedom left in the coe cients j. This degree of freedom can sometimes be used to make C( 1 2 3 ) rationally parametrizable.
As triangle p 1 p 2 p 3 ] lies on the plane 4 = 0, it can be regarded as a function of two v ariables, say x and y, where ( 1 2 3 ) = ( x y 1 ; x ; y). An irreducible plane cubic curve F(x y) = 0 is singular if it has a double point, that is, a point (x 0 y 0 ) where F(x 0 y 0 ) = F x (x 0 y 0 ) = F y (x 0 y 0 ) = 0. By taking resultants of these polynomials and eliminating x 0 and y 0 , we obtain this polynomial whose vanishing guarantees either the existence of a double point o n C( 1 2 3 ) o r t h a t C( 1 If H(j) = 0 is satis ed, then the following is the (3/3) rational parametrization, which is obtained by i n tersecting the curve with lines (1 ; u)(y ; y 0 ) = u(x ; x 0 ) through the double point ( x 0 y 0 ): The existence of the condition (11) also provides a method for nding the \best singular approximation" to a nonsingular cubic curve. Give n a s e t fd 0 e 0 f 0 g 0 h 0 i 0 j 0 g, one seeks the value of j, s a y j 1 , nearest j 0 for which (11) is satis ed for the set fd 0 e 0 f 0 g 0 h 0 i 0 j 1 g. All these curves intersect the lines x = 0, y = 0, and x + y = 1 in the same points, namely (1 0), (0 1), (0 0), (;h=(e ; h) 0), (0 ;i=(f ; i)), (;g=(d ; g) d = (d ; g)). As j changes continuously from j 0 to j 1 , the topology of the cubic curve within the triangle can change only at the endpoint j = j 1 , a v alue of j for which the cubic curve is singular. In particular, the same points of intersection with the sides will be connected by non-crossing arcs for all j strictly between j 0 and j 1 . Examples of the use of H(j) are given in Appendix D.
Conclusions
We have demonstrated how to construct rationally parametrizable A-spline curves and A-patch surfaces on triangles and tetrahedra, respectively. The Asplines interpolate base points on the triangles and are tangent to the corresponding sides. We can construct C 1 -continuous quadratic A-splines that have (2/2) rational parametrizations. C 1 -continuous irreducible cubic A-splines that have (3/3) rational parametrizations can also be created.
We h a ve also shown how to construct rational parametrizations for C 1 -continuous cubic A-patches. These patches interpolate points of a triangulation together with surface normals at the vertices. In addition to the surface itself, the intersections of the surface with the side faces of the tetrahedron containing the patch are rationally parametrizable cubic curves. If a triangle in the triangulation of the surface is non-convex, the intersection of the surface with that triangle (the base triangle of the tetrahedron) may o r m a y not be rationally parametrizable if it is, a parametrization is given, otherwise an existing approximation 7 can be used. These
Proof of condition for rationally parametrizable C 1 quadratic A-spline
From (5) and (2), we h a ve X(t) and hence (6) Proof of condition for rationally parametrizable C 1 cubic A-spline
In this appendix we p r o ve t h a t if the coe cients of a C 1 continuous cubic Aspline satisfy (9) , then it has a rational parametrization.
From (8) From this, we h a ve -hand sides of (B.10), (B.11), (B.12), (B.13) , respectively, and let R(P i P j v) denote the resultant o f P i and P j obtained by eliminating the variable v. Then we c a n s a y P 5 = R(P 1 P 2 v)=(9a 2 b 2 ) P 6 = R(P 1 P 3 v)=(729ab 4 e) P 7 = R(P 1 P 4 v)=(81ab 3 ) :
(B.14)
Now when the resultant of any two of (P 5 P 6 P 7 ) obtained by eliminating u is taken, this factor appears: Consequently, whenever the coe cients (a b c d e f) satisfy (9), the polynomials P 5 P 6 , a n d P 7 have a common root for u, and (B.10 { B.13) have a common solution (u v). t Appendix C:
Control points computation details
In this appendix we explain the computation of the coe cients of A-patches. The formulas given here are more concrete because all the formulas related to one triangle are provided.
C.1. Convex case
In the convex case, that is, when two adjacent triangles are both positive c o n vex or negative c o n vex, we just need to form four face tetrahedra on the same side of the triangles. This is illustrated in Fig. C.1 .
We are given a triangulation of a surface with normal vectors at the vertices, and wish to construct a smooth single-sheeted surface passing through the vertices of the triangulation. Typically, an edge in the triangulation is common to two triangles. Thus for a typical triangle p 1 The following notation will be used to represent the coe cients of all of these tetrahedra:
Face tetrahedron Weights Coordinates Edge tetrahedron Weights Coordinates We now seek to determine the coe cients of all the face and edge tetrahedra 3000 o u t o f t h e t wo or four real roots of (9) that is closest to this estimate is the value chosen for b 1
. C.2. Non-convex case
This is the situation when some of the triangles of the triangulation are nonconvex and is illustrated in Fig. C.4. use the following notation, which is similar to that of With these values the parametrization (7) In order to complete the parametrization for the edge tetrahedron p 00 1 Fig. D.1 shows the input triangles, normals, and the piecewise smooth surface patches as well as isophotes on the surface. The continuous isophotes demonstrate that the composite surface is smooth. For triangle p 2 f g h i) , we nd that the value of j nearest 1:176 that satis es (11) is again j 1 = 0 :880. This time the double point of the singular cubic is (x 0 y 0 ) = ( 1 :063 ;0:513), and the parametrization (12) is Plots of these two singular curves, along with the actual curves they approximate, are shown in Figures D.3(a) and (b) . In both cases the actual and approximating singular cubic curves are virtually indistinguishable within the base triangles. The meaning of the output data is the same as that of Example 2. However, since the edge p 2 p 3 ] is non-convex, the boundary curve corresponding to this edge is broken into two (see Fig. 1(b) ). 
